Exciton-polaritons in semiconductor microcavities constitute the archetypal system to study quantum fluids of light, in which remarkable effects such as superfluidity, dark solitons or the nucleation of hydrodynamic vortices, have been observed. So far, this quantum fluid was assumed to be made up of a pure condensate. And yet, we show here that this is not the case, and that in analogy with the two-fluids model of superfluid Helium, resonantly-driven polariton quantum fluids coexist with an incoherent component, which for polaritons consists in a sizeable reservoir of uncondensed dark excitons. Based on our our angle-resolved Raman spectroscopy experiments, combined with a generalized nonequilibrium two-fluids model, we demonstrate that this reservoir strongly modifies the dispersion of the collective excitations, and in particular, significantly lowers the effective speed of sound. This result provides a new framework to understand polariton quantum fluids, which opens the door to novel dynamical phenomena.
Exciton-polaritons in semiconductor microcavities constitute the archetypal system to study quantum fluids of light, in which remarkable effects such as superfluidity, dark solitons or the nucleation of hydrodynamic vortices, have been observed. So far, this quantum fluid was assumed to be made up of a pure condensate. And yet, we show here that this is not the case, and that in analogy with the two-fluids model of superfluid Helium, resonantly-driven polariton quantum fluids coexist with an incoherent component, which for polaritons consists in a sizeable reservoir of uncondensed dark excitons. Based on our our angle-resolved Raman spectroscopy experiments, combined with a generalized nonequilibrium two-fluids model, we demonstrate that this reservoir strongly modifies the dispersion of the collective excitations, and in particular, significantly lowers the effective speed of sound. This result provides a new framework to understand polariton quantum fluids, which opens the door to novel dynamical phenomena.
The notion of superfluidity has been introduced in the late thirties to capture the striking ability of liquid Helium 4 to flow without any friction when cooled below a critical temperature of T c = 2.17K [1, 2] . Conceptual light on the microscopic mechanism of superfluidity is offered by the celebrated Landau criterion, which allows to relate the maximum speed of a superflow to the dispersion of elementary excitations in the fluid [3] . While quantitative predictions for liquid Helium are made difficult by the strong interparticle interactions, analytical predictions for the dispersion of elementary excitations and, then, for the critical speed can be straightforwardly extracted within Bogoliubov's theory of the weakly interacting Bose gas [4] . In spite of its conceptual simplicity, experimental verification of this theory had to wait for half a century until it was quantitatively confirmed in a Bose-Einstein condensate of ultracold atoms, where both the dispersion relation and the critical velocities could be measured with high precision [5] [6] [7] .
Recently, the notion of superfluidity was extended to FIG. 1. Sketch of the system and of the detection scheme -The upper panel shows a schematic diagram of a polariton superfluid interacting with a reservoir of incoherent dark excitons. The lower panels shows a sketch of the experimental set-up used to measure the dispersion relation. The excitation laser light is linearly polarized by a Glan-Thompson polarizer (GT) and passed through a beam splitter (BS) to excite resonantly the polariton fluid. The cross-polarized reflected signal is selected by another GT and passed through a monochromator (M). The polariton emission at the laser frequency is further rejected by a metallic filter playing the role of notch filter (NF) and the remaining RPL is detected on a CCD camera. Some optical elements are omitted, that provide a measurement of the in-plane wavevector k on the CCD.
so-called quantum fluids of light [8] , that refers to a population of photons stored in the spacer of a planar optical cavity, and showing significant binary interactions mediated by the optical nonlinearity of the cavity medium. As compared to liquid Helium and ultracold atoms, quantum fluids of light in cavities are typically characterized by an intrinsically driven-dissipative nature, which requires some optical pump to replenish the gas against the radiative losses. Pioneering experiments in this direction have been performed in planar microcavities in the strong coupling regime, featuring exciton-polaritons as elementary quasi-particles [9] . After the first experimental demonstration of superfluid behaviour [10] , a number of quantum hydrodynamics effects were studied in these systems, including the nucleation of topological excitations such as solitons [11, 12] and quantized vortices [13] [14] [15] , phenomena associated with their spin degree of freedom [16, 17] , vortex dynamics [18, 19] , and turbulence effects [20] .
These spatio-temporal structures are all governed by a key characteristics: the dispersion relation of the excitations that can form on top of the quantum fluids. The latter has been characterized for polariton quantum fluids in some particular cases: In [21] , a transient polariton population was created with a resonant pulsed laser and the time-integrated dispersion relation of the excitations was measured in a four-wave mixing arrangement highlighting superfluid features. Angle-resolved spectroscopy of incoherently pumped condensates were reported in [22] , but the spectral resolution of the experiment was strongly limited by the pulsed nature of the excitation. The steady-state regime has been investigated in the regime of weak optical drive (unlike in this work) in [23] , where a band of excitation states of negative frequencies with respect to the condensate has been observed, which is reminiscent of Bogoliubov theory. It will be referred to as the "ghost branch" from here on.
In this work, we perform a direct measurement of the dispersion relation of a resonantly pumped steady-state exciton-polaritons fluid, in the regime where the binary interactions result in excitations of collective nature, as required for instance in the superfluid state. Using an angle and energy resolved measurement technique inspired from Raman spectroscopy, we obtain an accurate measurement of the dispersion relation of these excitations. In particular, we find a speed of sound which is twice too low as compared to that expected in the framework of the generalized Gross-Pitaevskii theory. We demonstrate that a quantitative agreement is restored by involving an incoherent reservoir of localized excitons that absorbs polaritons from the condensate, and exhibits binary interactions with it [24] .
The experiment is carried out with a liquid Helium cooled planar GaAs/AlAs microcavity in the strong coupling regime as described in the method section. The polariton condensate is excited resonantly with a tunable single longitudinal mode CW laser. A sizable population of excitations is spontaneously created on top of the resonantly driven condensate by the interaction of the polariton fluid with the thermal bath of acoustic phonons naturally present within the solid-state microcavity [25] . The polaritons involved in these excitations can then relax radiatively, so that their energy and momentum difference from the condensate ones -directly injected by the laser -constitute a direct measurement of the dispersion relation of the excitations. This emission, that we will refer to as Raman photoluminescence (RPL), is collected by the detection scheme illustrated in Fig.1 .b: we isolate the excitations photoluminescence signal I R from the much brighter condensate and from the scattered laser light using a specifically designed frequency filter and a cross-polarized detection scheme. Indeed, the condensate has a nonzero cross-polarized component that results from a weak residual birefringence, plus the TE-TM splitting that contributes at finite angle [26] . After passing through these filtering stages and the monochromator, we thus obtain an angle-resolved RPL pattern I R (θ, ω), in which excitation energies as close as 0.1 meV from the condensate are accessible (see Methods).
In order to have the clearest possible results, we chose two regions of the microcavity of ∼ 50µm diameter characterized by a weak disorder amplitude of the potential V (x, y) experienced by polaritons. They are labelled further on 'working points' (WPs) A and B. The microreflectivity measurement shown in Fig.2 .b provides a cross-section of V across WPA showing that its spatial fluctuations are smooth and small as compared to the linewidth. The reference free particle dispersion relation at WPA is extracted from the raw angle and energy resolved RPL measurement shown in Fig.2 .c. It is obtained under weak excitation, with the laser energy ω l red detuned from the k = 0 lower polariton resonance ω 0 by ∆ = ω l − ω 0 = −0.5 meV. The corresponding extracted free particle dispersion relation is labeled '0' in Fig.3 .a.
We then shifted the laser by ∆ = +0.79 meV on the blue side of the polariton resonance, in order to access the bistable regime of the microcavity [27, 28] . Polariton superfluidity according to Landau's criterion is indeed defined in the clearest way at the turn-off point of the hysteresis upper branch, where the excitations dispersion relation were anticipated to exhibit a gapless sound-like mode with a nonzero critical velocity [8] . Higher up along this upper branch, a gap opens up and the dispersion recovers a curved shape around zero momentum.
In order to precisely locate the sonic point, the spectral filtering stage is bypassed so that the collected signal I 0 is dominated by the cross-polarized copy of the condensate at k = 0, while its excitations have a negligible contributions. I 0 vs the laser power P was thus measured, as shown in Fig.2 .a. The resulting curve is characterized by a marked jump when the polariton density is sufficient to blueshift the polariton energy close to resonance with the incident laser. Interestingly, this curve exhibits a nearly vanishing extension of the bistable region. This behaviour is indeed expected: the finite size introduces an additional loss channel for the polaritons that can be expelled out of the switched-up area, while the disorder modulates the condensate density, that in turn can result in a global switch down of the fluid.
Based on this preliminary calibration measurement, we proceeded to the extraction of the dispersion relation of the superfluid excitations for several laser powers. Due to the stringent requirements of the excitation beam both in Fourier and real space, we chose to work with a large laser spot of gaussian intensity profile. As a result, when the upper branch of I 0 (P ) is reached, the corresponding polariton density occupies a disk-shaped area at the center of the laser spot, while the outer rim always remain on the lower branch. A sharp switching front separates both regions [25] . For the measurement of the excitations dispersion relation, we filtered out this outer region using an iris of diameter matching that of the switching WPA has been studied for a zero momentum condensate, while in WPB a condensate of finite momentum was excited (incidence angle θ = 1
• ). The line thickness show the 95%-confidence interval of the experimentally determined dispersion relations for the measurement, and of the data fitting procedure realized with the full vectorial model. Four states of the fluids are shown labelled from 0 to 3: the free particle dispersion ('0'), a lower branch state of I0(P ) ('1'), and two upper branch states ('2' and '3'). Panels (a) and (d) show the dispersions relations measured on absolute energy scale, while b,c and e,f show the dispersion relations '3' and '2' measured from the condensate energy. Panels b,c,e,f, include two calculated limiting cases: the vanishing condensate fraction regime (black dashed line), and the regime of vanishing reservoir fraction (light blue dashed line).
front (typically in the range of 20 µm to 30 µm). Two raw results of angle-and energy-resolved RPL are shown in Fig.2 .d and Fig.2 .e that corresponds to two states on the curve I 0 (P ) labeled '1' and '2' respectively in Fig.2 .c. In the former case, the whole spot sits on the lower branch of I 0 (P ), while in the latter case the central part of the spot is on the upper branch and very close to the switchdown point.
A first key feature that we investigated is the influence of the interactions on the shape of these dispersion relations. To do so, we determine quantitatively their deviation with respect to the free-particle reference dispersion. In order to extract as accurately as possible the dispersion relation, we perform a numerical analysis of the raw angle and energy-resolved RPL measurement as described in the Methods section. The results are shown in the different panels of Fig.3 , where the line thickness represents the 95% confidence interval of the extracted dispersion relations [25] .
As explained above, the curve '0' in Fig.3 .a is the reference free particle dispersion ω 0 (k) that exhibits a usual parabolic shape. Curve '1' show the dispersion relation of a polariton fluid with interactions, but not yet strong enough to reach the upper branch of I 0 (P ). It retains the exact same shape as the reference dispersion, except for a rigid blueshift of 0.2meV. The situation is more interesting for dispersions '2' and '3' that feature a clearly modified shape, i.e. an unambiguous signature that the nature of the condensate excitations have changed from a single-particle to a collective one as a result of the interactions. This statement is made quantitative in Fig.3 .b and 3.c, where these dispersion relations are plotted and compared with the theoretical shape expected in two limiting situations: (i) the condensate density is small as compared to the non-condensed one, such that the dispersion relation consists of a rigidly blue-shifted singleparticle dispersion; (ii) The system consists of a pure condensate, without any non-condensed fraction so that the dispersion relation has a (non-equilibrium) Bogoliubov form.
In mathematical form, the dispersion of case (i) reads
where n R and g R are respectively the density of noncondensed particles and their interaction constant with the condensate. This dispersion is plotted as a black dashed line in Fig.3 .b and c. In this model, the rigid blueshift g R n R is directly obtained from the experimentally measured blueshift with respect to the unperturbed polariton energy at k = 0. It is apparent that the dispersion relation obtained in this model is significantly shallower and definitely in disagreement with the experimental ones. The dispersion of case (ii) can be obtained by linearizing the generalized Gross-Piteavskii equation [29] around the steady-state solution, which, for a condensate at rest k p = 0, gives:
Like in the previous case, the interaction energy gn, where g is the interaction constant and n the polariton density, is inferred unambiguously from the experimentally measured blueshift. The results are shown in Fig.3 .b and c as dashed light blue lines. In contrast to case (i), the theoretical dispersions are now clearly too sharp as compared to the experimentally measured one. The same analysis was then performed for another point of the microcavity labelled WPB and for a nonzero laser incidence angle of θ p = −1
• . In WPB, owing the microcavity tuning, the interactions are smaller by a factor ∼ 2 and a smaller laser detuning of ∆ = 0.47 is chosen accordingly. The local disorder is obviously different, but of similar average amplitude and characteristic length as in WPA.
The measured dispersion relations for WPB are shown in Fig.3 .d-f with the same labelling conventions as in in Fig.3 .a-c. When the intensity is sufficient to bring the inner region of the fluid on the upper branch of I 0 (P ), an asymmetric dispersion relation is obtained, as expected for the collective excitations of the flowing superfluid. Like in WPA, the comparison with the two theoretical models shown in Fig.3 .e,f demonstrates that the measured dispersion does not agree with either of them. Our analysis also gives us access to the spectral linewidth γ of the excitations as a function of k. The latter is essentially fixed by the radiative linewidth, plus an additional contribution coming from the propagation time within the finite size superfluid. A more detailed discussion can be found in the SI [25] .
The experimental observations discussed above pinpoint the necessity of building a more refined theory of the elementary excitations of a polariton fluid. Inspired by recent works [24, 30] , and a time-resolved measurement in which we find a 400 ps decay component of resonantly excited polaritons [25] , we consider the existence of a particles transfer channel between the polariton condensate and a long-lived reservoir of dark excitons.
Based on these hypothesis we developed a theoretical model in terms of a generalized Gross-Pitaevskii equation for the condensate wavefunction ψ, coupled to a rate equation for the dark-exciton density n R [31] . The full theory that we used to fit the spectra, and that accounts for the polarization degree of freedom is presented in detail in the SI [25] ; for the sake of simplicity, we present here a scalar version in which the equations read
where condensed polaritons of effective mass m are resonantly pumped by a homogeneous pump F (t) and their finite lifetime is limited by the radiative losses at rate γ c and the transfer of polaritons into the reservoir at rate γ inc . The self-interaction energy of the condensate is proportional to the density n = |ψ| 2 with a coupling constant g, while interactions with the dark-exciton reservoir contribute a further interactions energy g R n R . Dark excitons have a finite lifetime of 400 ps such that γ R = 1.6 µeV γ c , as determined experimentally [25] . This model describes a superfluid with unique spatiotemporal properties. Thus, zero-frequency excitations, such as the steady-state spatial pattern generated in a moving condensate hitting a static obstacle, are governed by the total population of the condensate plus reservoir, i.e. the total blueshift ω BS = g|ψ| 2 + g R n R [32] . In particular, our model predicts the suppression of the pattern due to interaction of the superfluid with the obstacle below a critical velocity v c = ω BS /m in agreement with [10, 11] . Our model brings the additional knowledge that a part of this blueshift comes from an excitonic reservoir. The dynamical response of the condensate following a time dependent perturbation, as measured in this work, behaves differently: because the reservoir response is very slow as compared to that of the condensate, the speed of sound c s gn/m describing the propagation of non-zero frequency excitations, is governed solely by the condensate fraction. Notice that c s < v c , i.e. the prediction of the critical velocity according to Landau's criterion fails since the presence of the reservoir breaks Galilean invariance.
In order to simulate the experimental measurements with this model, we extended it to include the polarization degrees of freedom (cf. Method section) and determined the energy-momentum power spectrum of the condensate wavefunction by convolving the Bogoliubov matrix response function with a stochastic Gaussian noise simulating the coupling with the phonon bath. We then extracted the dispersion relation by fitting these data using the same method as for the experimental data. A quantitative agreement with the experiment is thus obtained as shown in the panels b,c,e,f of Fig.3 . Note that the resulting dispersion corresponds to a weighted contribution of all excitation branches and, in particular, averages over the co-and cross-polarized excitation branches. Following a statistical analysis [25] , this fitting procedure provides us with the condensate fraction ρ = n c /(n R + n c ) = 50%[41%; 56%] for WPA and 67%[54%; 82%] for WPB, where n c = |ψ x | 2 +|ψ y |
2
, where the indices x, y refer to the co-and cross-polarized components respectively, and the interval is the 95%-confidence interval [25] . Assuming |ψ y | 2 |ψ x | 2 , the superfluid speeds of sound can be estimated to c x /v c = 0.5±0.1 and c y /v c = 0.6±0.1 [25] . These quantitative estimates fill a gap left open in previous works mentioning the role of the exciton reservoir in the polariton dynamics [24] . is presented in detail in the SI. Remarkably, our model also recovers the strong suppression of the ghost branch emission experimentally found in Fig.2(d,e) , and confirmed in the data with enhanced signal-to-noise shown in Fig.4 .a. Two reasons can be invoked to explain this feature: (i) the ghost branch is suppressed by the reservoir contribution to the superfluid that decreases its coherent component, an effect which is common to the scalar situation ; (ii) in cross-polarized detection geometry, the different polariton components interfere in a non-trivial way as visible in eq.10, which can further enhance or, as in our case, suppress the ghost branch emission. Note that in [23] , special care was paid to reduce the exciton disorder (i.e. the reservoir contribution) [33, 34] , which thus allowed observing a brighter   FIG. 4 . Superfluid excitations density analysis -a) Measured cross-polarized RPL measurements in the upper branch of I0(P ) close to the switch-down point, with an enhanced signal-to-noise ratio of 300. b) Calculated angle and energyresolved cross-polarized RPL from the full vectorial theory assuming a condensate fraction of ρ = 50% and experimental parameters from WPA. The intensity is color coded on a 4 decades logarithmic scale, and the laser energy and angular spread is shown as a red segment. The hatched rectangle show the spectral range rejected by the notch filter.
ghost branch, albeit in a regime dominated by singleparticle physics.
In summary, in this work we have studied the dispersion relation of the elementary excitations on top of a coherently pumped polariton condensate. Our experiment and theoretical analysis provide a quantitative evidence of the unique two-fluids nature of our polariton fluid hinted at in [24] , with localized excitons in the quantum well disorder unavoidably coexisiting with the coherent propagating polaritons, and thus breaking Galilean invariance. Interestingly, this exotic character has no consequences for historical polariton superfluid experiments based on static observables [10, 11] , but may result in corrections for experiments investigating dynamical phenomena such as time-dependent vortex nucleation [15] . Its far reaching consequences on photon correlation experiments [35, 36] , and on some recent measurements of the polariton-polariton interaction constant [37] are presently under investigation.
I. METHODS

A. Method: Dedicated Raman filtering method
The Angle-resolved cross-polarized RPL signal entering the monochromator consists in a bright photoluminescence contributions at the condensate energy, plus a dim continuum due to the condensate excitations. In order to reject the condensate photoluminescence, a specifically designed wire-shaped spatial filter is placed in the output imaging plane of the monochromator. The resulting filtered RPL spectrum is then re-imaged with a widefield achromatic objective onto a CCD camera. In the language of Raman spectroscopy, this filter behaves as a very steep effective notch filter of 0.1 meV (i.e. < 1cm −1 ) transition edge, that allows measuring the Raman shifted Stokes and anti-Stokes emission on both sides of the condensate.
B. Method: experimental parameters
The GaAs/AlAs microcavity used in this experiment is identical to that used in [38] . It features a quality factor Q = 3000 ; the heavy-hole and light-hole excitonic transitions energy are at E hh = 1612.05 meV and E lh = 1644 meV at T = 30 K, and the corresponding Rabi splittings resulting from the strong coupling regime with the cavity mode of energy E c0 are Ω hh = 15 meV and Ω lh = 12.5 meV respectively. The background index of the microcavity is n bg = 3.65. The microcavity is placed in the vacuum chamber of a temperaturetunable Helium flux cryostat. The temperature is set at T = 30K, found as an optimum of thermal phonons population and polariton linewidth. WPA (WPB) is characterized by a detuning δ = E c0 − E hh = +1.25 meV (δ = −1.82 meV). The lower polariton mode exhibits a full width at half maximum of γ c = 0.4meV in both WPs.
The
) in momentum space. WPA is excited at normal incidence, while WPB is excited with a −1
• incidence angle. The detuning ∆ between the polariton mode and the CW laser are ∆ = 0.79 meV (WPA), and ∆ = 0.47 meV (WPB).
C. Method: Full vectorial theory
In order to model the experiment, we use a generalized Gross-Pitaevskii theory for the two polariton condensate wavefunctions ψ σ (r), corresponding to the two linear polarizations with σ = x, y (pump-probe basis), coupled to a dark-exciton reservoir with density n R :
where
• is the angle between the natural cavity axis and the pump-probe x, y polarization basis. g T and g S are the triplet and singlet coupling constants respectively, and we take g S = −0.1 g T and g R = 2.0 g T , with g T > 0. The pump field is F (r, t) = F 0 e ikp·r−iωpt . The other parameters are the reservoir filling rate γ inc from the condensate, the reservoir decay rate γ R and the condensate radiative loss rate 
where δ ψ = (δψ x , δψ * x , δψ y , δψ * y , δn R ) is the fluctuation vector. The Bogoliubov spectrum then consists in five eigenbranches ω(k) related by particle-hole symmetry.
In
as the response to a stochastic drive δ F = (δF x (k, ω), −δF *
Assuming that the main excitation mechanism is the coupling to acoustic phonons [39] , one has δF σ (k, ω) = ψ s σ T (k, ω), with T (k, ω) a stochastic phonon field.
After averaging over the random realizations of the phonon field and defining
, the field intensity is
where S ph is the phonon density of state, taken in this work as constant. Finally, in order to model the effect of the finite pump spot and of the iris, we multiply the (r, t) ; in the end, the measured Fourier space intensity is
D. Method: Numerical analysis
For each column of CCD pixels i (that represent the spectrum at a given wavevector k (i) ), the RPL emission peak is fitted with a Lorentzian peak. from this fit, we get the central frequency ω i /2π of the peak as well as its 95%-confidence interval. The linewidth ∆ω i and its 95%-confidence interval are obtained as well from this procedure. The results for WPA and WPB are shown in the main text in Figs.3 , where the line thickness of the experimental plots shows the 95% confidence interval.
We also fitted these extracted dispersion relations with the full vectorial theory in order to determine as accurately as possible g R n R , the contribution to the blue shift coming from the reservoir. To do so we varied the least well known parameter of the theory γ inc , and compared quantitatively the resulting dispersion relation with the experimental ones in Fig.3 .b,d,f,h using the normalized deviation
SUPPLEMENTAL INFORMATION: Two-components nature of the excitations in a polariton superfluid • which is sent onto the streak camera. The resulting time-resolved trace is shown in b) in a time energy color plot, and the relevant cross-section I(t), integrated in energy over the polariton emission linewidth (red rectangle) is shown in c) along with a fit (red line) consisting of a sum of two exponential decays with characteristic times τ1 = 58 ps and τ2 = 400 ps.
A. Decay time of resonantly excited polaritons: evidence for coupling with a long-lived reservoir
The involvement of a long-lived reservoir is a key feature of this work. We can demonstrate its existence experimentally by measuring the decay time of finitemomentum polaritons under resonant excitations of the condensate at k = 0. Fig.S1 .a shows the measured raman photoluminescence (RPL) intensity I RPL (θ, ω) used in this measurement. The experimental arrangement for the pump laser is the same as that described in the main text to measure the free particle dispersion (quasi-resonant, red detuned central frequency with respect to the polariton ground state, weak peak intensity in order to minimize the nonlinear dynamics, small angular spread), except that the laser consists in picosecond pulses. The latter cannot be fully suppressed spectrally due to its significant spectral width (horizontal streak in the figure.). We select a polariton state at a finite angle of 7
• where contribution from the laser light is well suppressed (yellow rectangle in the figure) .
The corresponding raw time-resolved trace is shown in Fig.S1 .b and analyzed in Fig.S1 .c. It exhibits two characteristic timescales τ 1 = 58 ps and τ 2 = 400 ps. The first one is fixed by the (sharp) spectral resolution, and thus reflects a dynamics faster than τ 1 that can be unambiguously attributed to the polariton state decay. τ 2 is too slow to be photon or polariton related, and rather correspond to the typical timescale of localized excitons. It is thus consistent with such states releasing back their population throughout the polariton states as proposed in this work.
B. Determination of the dispersion relation and its confidence interval from the measurements
As explained in the method section, the dispersion relations is extracted from the measured I R (θ, ω). A careful control of the uncertainty is a critical point of this work, as the change of shape of the dispersion relation due to the interactions is very small, i.e. typically much smaller than the linewidth. We thus have to make sure that the dispersion shape extracted from the measurement is not the result of some noise source or to scattered light from the laser. To do so we quantify the deviation of the measured polariton spectrum (for each angle values) from a Lorentzian shape.
Such an analysis is illustrated in Fig.S2 for the data from the working point WPA.3 defined in the main text. Fig.S2 .a show the raw measurement of I R (θ, ω) in color log scale. Six spectra extracted from six different angles (θ 1 to θ 6 ) are shown in Fig.S2.b The uncertainties ∆ω 0 and ∆γ are the 95% confidence interval (sometime referred to as the 2σ confidence interval) of ω 0 , the central energy of the peak, and γ its full width at half maximum, as obtained from the fitting algorithm.
C. Excitation mechanisms of the condensate by thermal phonons
In this section, we present in details the arguments that support the fact that thermal phonons are the likeliest origin of spontaneously created excitations on top of the condensate observed in this work. We have shown in another work, involving microcavities made up of another materials, and at higher temperatures, that there are several possible mechanisms that can create such excitations [1]:
1. The fluctuations are excited by Auger scattering of two polaritons from the condensate, that excite hot electron-hole pairs, which relax into the long-lived reservoir of large momentum excitons, and end up exciting fluctuation on top of the condensate. We see that this case involves a reservoir of large momentum exciton that can interact with the polariton condensate as described in our work.
2. In another scenario, thermal optical phonons scatter polaritons from the condensate into the same excitonic reservoir described above. This inelastic scattering is possible in any microcavity as long as the polariton condensate energy is separated from the large momentum excitons reservoir by less than the energy of an optical phonons. This condition is largely met in GaAs-based microcavity.
3. In a third scenario, condensate fluctuations are directly excited by scattering with thermal acoustic phonons. In this case, the reservoir of large momentum excitons cannot be reached and remain empty. Another reservoir is however present, constituted by localized states of excitons that live in potential traps several meV below the free exciton energy, i.e. close and at resonance with the polariton condensate. These traps are caused by imperfections in the quantum well: i.e. in-plane thickness and alloy fluctuations [2, 3] .
In scenario (1), we expect that the relation between the excitation power entering the cavity I in and the polariton condensate population I 0 is sublinear. We thus checked this possibility by exciting polaritons resonantly in the redshifted configuration, i.e. ∆ = ω l − ω 0 = −0.48 meV , and by measuring the angle-integrated RPL intensity versus the excitation power. What matters is the relation between the laser intensity effectively entering the cavity spacer I E , that depends both on the outside excitation power I out and on the blueshifting polariton mode E LP (I out ). This relation can be accurately modelized in the weak to moderate excitation power by assuming a lorentzian lineshape of fixed linewidth for the polariton mode, such that
where both E LP (I out ) and γ c are direct experimental observables. Assuming that the angle-integrated RPL intensity is proportional to the condensate density, we can thus measure the relation between I 0 and I in . The result is shown in Fig.S3 .a: it turns out that over 1.5 orders of magnitude, this relation is linear (or slightly superlinear), with a fitted exponent of 1.07 ± 0.03. Note however that this particular argument should be taken with caution, it is based on the assumption that the magnitude of the birefringence that coupled the co-polarized and cross-polarized condensate does not depend on the nonlinear laser to polariton mode detuning, which might not necessarily be true.
Another, and perhaps even stronger argument which is inconsistent with scenario (1), as well as with scenario (2) is the following: both scenarios involve an intermediate reservoir of long-lived large momentum excitons at and above the free exciton energy. In these scenario, this reservoir relaxes into condensate excitations by twobody scattering or by emission of phonons. A way to check this possibility is to compare the condensate excitation spectrum I R ( ω) obtained under resonant excitation, with the one measured under non-resonant excitation, when the laser is tuned far above (100 meV) the free excitons states. In the latter case, the relaxation mechanism involves the same intermediate reservoir as in scenario (1) and (2) such that the thus obtained excitation spectrum I N R ( ω) should be similar in shape to I R ( ω). The comparison is shown in Fig.S3 .b at the same working point and temperature T = 20 K: It turns out that these spectra are quite different, the one obtained under non-resonant excitation being significantly 'hotter'.
Scenario (3) is the most likely one in our experiment. We can support it further by checking that the condensate fluctuations are indeed excited by the thermal bath of acoustic phonons by measuring the polariton state occupancy n( ω) in the free particle regime (vanishing two body interactions), and compare it with a thermal distribution. n( ω) can be determined experimentally using the density of state ρ( ω) effectively contributing in the measurement, and I R ( ω) which is proportional to the fluctuation population times their linewidth. The measurement has been performed at T = 30 K and the result is shown in log scale in Fig.S3 .c. The excitations occupancy n( ω) obtained in this way agrees very well with a Maxwell-Boltzmann distribution at T = 30 K. The distributions for T = 27 K and T = 33 K are shown as dashed lines. This result is a strong argument in favour of scenario (3).
FIG. S3.
Linearity of the transfer mechanism and population distribution a) Blueshift-corrected polariton excitation density versus cavity-coupled laser intensity. b) Angleintegrated spectra in RPL (blue) and non-resonant (red) excitation configuration. c) Polariton occupancy n (within a constant factor) versus energy, in the free particle regime.
D. Working point C
In order to support the generality of our observations, we have performed a full characterization of the polariton superfluid excitations at several other working points. Fig.S4 shows the characterization at working point C, in which the condensate is driven at normal incidence θ = 0
• . Fig.S4 .a shows the raw RPL measurements in the red-shifted weak excitation regime, that we use to determine the reference free-particle dispersion, and Fig.S4 .b shows the raw RPL measurement in a switched-up state. The hysteresis curve I R (P ) is shown in Fig.S6 .a. The analyzed dispersion relations are shown all together in and Fig.S4 .c and individually in Fig.S4 .e-g. In the latter case, the limiting cases theory (i) and (ii) discussed in the main text are plotted for comparison as black and blue dashed line respectively. The extracted linewidth analysis is plotted as well in Fig.S4 .d. As explained in the next section, the flat behaviour of γ vs angle for the free-particle dispersion and the switched down states results from the absence of switching front, and of a spatial filter in the detection. The experimental parameters of WPC are δ = +0.7meV , T = 30K, free particle linewidth at k = 0 γ c = 0.4meV, and ∆ = +1.04meV.
E. Excitations linewidth and spatial structure of the superfluid
The analysis of the raw measurement I R (θ, ω) also gives us access to the excitations spectral linewidth γ. The results are shown in Fig.S5 for both WPA (a) and WPB (b) together with the results of the full theory calculation. In the low excitation regime, (solid black line labelled '0' in WPA), the measured linewidth is essentially angle-independent. This is expected as over such a small angular range, the excitonic and photonic fraction hardly change vs θ: i.e. the kinetic energy increase as compared to the Rabi splitting is small (1 meV increase between 0
• and 10
•
). For the measurements of γ(θ) in states '1' (switched-down state), '2', and '3' (switched-up states), we have inserted a circular aperture of diameter D (1) in the detection path that filters out the outer area of the excitation spot. Indeed, owing to the Gaussian shape of the excitation spot the upper branch of the hysteresis is located within a round area at the center of the excitation spot, separated by a sharp switching front of diameter D (2) from the outer ring of polaritons, that are in a switched-down state. This is shown in Fig.S6 where the measured cross-polarized condensate at WPC is shown in real space for three different regimes: in the state labeled '1' in Fig.S6 .b the whole fluid is in the lower branch of the hysteresis (which is shown in Fig.S6.a) , and thus exhibits a gaussian intensity distribution. In Fig.S6 .c the central part of the fluid labeled 'UB' has switched to the upper branch, while the outer rim labeled 'LB' remains in the lower branch. The switching front separating the two is shown as a dashed orange line. At higher intensity (state '3' in Fig.S6.d) , the diameter of the switching front slightly increases, i.e. moves further towards the edges of the fluid.
Regarding the measurement of γ(θ), both the finite size of the 'UB' area in real space, and the use of a circular aperture filter have a significant influence: in both cases, the excitations of the condensate have a finite tran- sit time either throughout the circular aperture of the detection or within the switched up area, depending on which is the smallest. This transit time is fixed by the excitation group velocity
, which is a decreasing function of θ, regardless of the detailed nature of the excitation. For the switched down state shown in Fig.S6 .a, there is no switching front such that the circular aperture of diameter D
(1) = 40 µm actually fixes the increasing rate ofγ versus θ. This is the case of state '1' in Fig.3S5 .a in the main text. For states labeled '2' and '3' in Fig.S5.a and Fig.S5 .b, the switching front diameters D (2) are comparable and close to D
(1) = 40 µm. As a result, the increase of γ versus θ reflects the presence of the switching front, and can thus be considered as a characteristic feature of a locally switched-up polariton fluid driven by a Gaussian spot.
While our full theory is translational invariant, we can still mimic this effect with it by adding a numerical spatial filter of diameter D (2) to the results. The result is shown is Fig.S5 as the light solid lines. We see that while the increasing linewidth versus |θ| is indeed reproduced, it is underestimated. Other sources of nonlinear broadening are likely to contribute for increasing excitations energy, as the reservoir becomes highly populated (not The comparisons between the theoretical dispersion relations and the measured ones, are shown quantitatively in Fig.S7 using the normalized deviation
is the condensate fraction, n c = n x + n y = |ψ
, γ R = 0.013meV as extracted from the decay time found in Fig.S1 , and γ inc is the actual fit free parameter. The closer to r 2 is to 1, the better the agreement. The full width at half maximum of r 2 (ρ) provides an estimate of its 1σ-confidence interval. The line connecting the dots in Fig.S7 is a guide for the eye. The thus determined confidence intervals has been used in Fig.3 of the main text, where the theoretical dispersion plots is obtained by plotting the two dispersion relations calculated at the two confidence interval boundaries, and by coloring the area that they delimit. This analysis also gives an estimate of the two speeds of sound that characterizes the two cross-polarized Bogoliubov branches at the sonic point of the hysteresis. In the simplifying assumption that n y = 0, i.e ρ = n x /(n x +n R ), they have the analytical expression given in eq.(S16) and eq.(S18). The results are shown in Fig.S7 (right axis) , where the speeds of sound c x and c y normalized to the critical velocity v c = ω BS /m are plotted alongside r 2 (ρ). where 'CI' stands for 'confidence interval'.
G. Full spinor Hamiltonian
We provide here below the derivation of the Hamiltonian used to model the experiment.
Kinetic part -The cavity used in the experment has some intrinsic birifringence. In the linear polarization basis |s , |f , associated to the axis of the cavity, the Hamiltonian for the lower polariton (LP) branch reads
where the LP band is taken in the parabolic approximation ω
, with m the effective polariton mass and the field operatorsψ s (r),ψ f (r) destroy a boson with polarization s, f respectively at spatial position r.
In our experiment the birefringence splitting is α ∼ 0.1 ± 0.05 meV and the laser is pumped with a linear polarization x rotated by an angle Θ −19
• with respect to the s axis, ie we have
so that the kinetic part of the Hamiltonian in the |x , |y linear polarization basis reads
Bogolubov excitations at zero birefringence
We derive in this section the analytical expression for the speed of sound given in the main text and provide an analysis of the nature of Bogolubov excitations. For this purpose we consider the limit where the birifringence parameter α is set to zero.
For α = 0 the steady state features ψ s y = 0, while ψ s x is given by the standard bistability condition [9] with renormalized nonlinear coupling strength g eff =
and the steady-state reservoir is given by n
. As a consequence of the steady-state condition, the Bogoliubov equations for the excitations for the condensate with y polarization are decoupled from those of the condensate with x polarization and the reservoir:
and
Bogoliubov matrix L (k) separates into two block matrices, namely a 3×3 part for the x-polarized condensate and reservoir, and a 2 × 2 part for the y-polarized condensate.
We start discussing the 3×3 part: 
and K stands for complex conjugation. This symmetry implies L P|ω = −ω * P|ω , so that P links pairs of eigenvectors. Since the size of the matrix is three and the sistem is parity invariant, this analysis allows us to immediately conclude that one eigenvlue is purely imaginary, and we attribute it to the reservoir branch. The remaining two eigenvalues, corresponding the particle and hole branches, take the form ω ± x (k) = ± (k) − i γ(k) 2 . In the case ∆ = ω BS , where ω BS =ḡ|ψ x | 2 + g R n R , the excitation spectrum has a linear, gapless dispersion. By solving the eigenvalue problem at long wavelength we obtain ω ± x (k) = ±c x k − iγ/2 with
holding for c 2 x > 0. In the limit γ R γ = (γ c + γ inc ), corresponding to the experimental conditions where the reservoir reacts slowly to fluctuations in the condensate, we obtain c
2 /m, indicating that only the energy due to the condensate contributes to the speed of sound, while the energy stored in the dark excitonic reservoir acts just as a global energy shift. In the adiabatic limit γ R γ, when the reservoir responds instantaneously to the condensate one finds that both reservoir and condensate contribute to the speed of sound, ie c 2 x = ω BS /m. In the y-polarization sector the Bogolubov matrix reads
where η y (k) = −∆ + k 2 /2m + g T |ψ 
where µ y = g T |ψ s x | 2 + g R n R . Notice that our choice of parameters g T > 0, g S /g T = −0.1 implies that the y branch of the phonon dispersion lies at higher energy than the x branch in all regimes, which implies that c y > c x .
Next, we analyze how the reservoir influences the nature of the eigenmodes of the Bogolubov excitations. Using Eq.(S11) above we get the relation between the variation of the condensate density and the one of the reservoir density,
that holds for any eigenmode. Fig. S8 shows the argument of this quantity for the case of the a = x branch, at α = 0 and at the point with gapless excitation spectrum. We notice that at small wavevector |Reω x (k)| |Imω(k)| γ the density fluctuations of the condensate and of the reservoir are in phase opposition. This is in agreement with the fact that the excitation branch ω x (k) is a Goldstone mode, so at small k the system tries to keep constant density by making δn R and δ|ψ x | 2 oscillate with a relative phase π to compensate each other. At large momentum |Reω x (k)| |Imω(k)| instead, δn R follows δ|ψ x | 2 in quadrature of phase, with the condensate density fluctuations driving the reservoir density ones. Given the complex nature of ω a (k), the transition between the two regimes occurs when the real part of the Bogoliubov energy Re[ω a (k)] is of the order of the loss rateγ. 
where δk = k − k p is the momentum measured in the fluid reference frame.
Interestingly, in this case the inversion symmetry is broken, and the reservoir excitation branch acquires a real part (while particle-hole symmetry only requires
